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Abstract 

First we show that a curvature-adapted proper complex equifocal submanifold is a 
principal orbit of a Hermann type action under certain condition. Next we show that 
a proper complex equifocal submanifold is curvature-adapted under certain condition. 



1 Introduction 

C.L. Terng and G. Thorbergsson [TT] introduced the notion of an equifocal submanifold in 
a (Riemannian) symmetric space, which is defined as a compact submanifold with globally 
flat and abelian normal bundle such that the focal radii for each parallel normal vector 
field are constant. U. Christ [Ch] showed that all irreducible equifocal submanifolds of 
codimension greater than one in a symmetric space of compact type are homogeneous 
and hence they are principal orbits of hyperpolar actions. Furthermore, according to 
the classification of a hyperpolar action by A. Kollross [Kol], they are principal orbits of 
Hermann actions. For (not necessarily compact) submanifolds in a Riemannian symmetric 
space of non-compact type, the equifocality is a rather weak property. So, we [Koil,2] 
introduced the notion of a complex focal radius as a general notion of a focal radius and 
defined the notion of a complex equifocal submanifold as a submanifold with globally flat 
and abelian normal bundle such that the complex focal radii for each parallel normal vector 
field are constant and that they have constant multiplicties. Here we note that the notion 
of a complex focal radius defined for submanifolds in a general symmetric space but, in the 
case where the ambient symmetric space is of non-negative curvature, all complex focal 
radii are real, that is, they are focal radii and hence the complex equifocality is equivalent to 
the equifocality. Furthermore, we [Koi3] defined the notion of a proper complex equifocal 
submanifold as a complex equifocal submanifold whose complex focal structure has certain 
kind of regularity. Here we note that the notion of a proper complex equifocal submanifold 
in a general symmetric space can be defined but, in the case where the ambient symmetric 
space is of compact type, it is easy to show that this notion coincides with the notion of a 
complex equifocal (i.e., equifocal) submanifold. On the other hand, E. Heintze, X. Liu and 
C. Olmos [HLO] defined the notion of an isoparametric submanifold with flat section in 
a (general) Riemannian manifold as a submanifold with globally flat and abelian normal 
bundle such that the sufficiently close parallel submanifolds are of constant mean curvature 
with respect to the radial direction. In the case where the ambient space is a symmetric 
space of non-compact type, we [Koi2] showed the following fact (see Theorem 15 of [Koi2]): 
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All isoparametric submanifolds with flat section are complex equifocal and, conversely, 
all curvature-adapted and complex equifocal submanifolds are isoparametric submanifolds 
with flat section. 

Here the curvature- adaptedness means that, for any normal vector v, the normal Jacobi 
operator for v preserves the tangent space invariantly and it commutes with the shape 
operator for v. Also, we [Koi6] showed that, for a curvature-adapted complex equifocal 
submanifold M, it is proper complex equifocal if and only if it admits no non-Euclidean 
type focal point on the ideal boundary of the ambient symmetric space, where the no- 
tion of a non-Euclidean type focal point on the ideal boundary was introduced in [Koi6]. 
Therefore, for a submanifold M in a symmetric space of non-compact type, the following 
two statements are equivalent: 

(I) M is curvature-adapted and proper complex equifocal. 

(II) M is a curvature-adapted isoparametric submanifold with flat section admitting 
no non-Euclidean type focal point on the ideal boundary 

As a counterpart of a Hermann action on a symmetric space of compact type, we [Koi3] 
introduced the notion of a Hermann type action on a symmetric space of non-compact 
type and showed that principal orbits of a Hermann type action are curvature-adapted and 
proper complex equifocal, that is, they are as in the above statement (II). A curvature- 
adapted submanifold in a symmetric space of non-compact type is a generalized notion 
of a Hopf hypersurface in a complex hyperbolic space and a curvature-adapted complex 
equifocal submanifold in the space means a Hopf hypersurface with constant principal cur- 
vatures. Hopf hypersurfaces with constant principal curvatures in a complex hyperbolic 
space is classified by J. Berndt [Bl] and curvature-adpated hypersurfaces with constant 
principal curvatures in a quaternionic hyperbolic space is classified by him [B2] . Accord- 
ing to Theorems A and C (also Remark 1.1) in [Koi5], it is shown that any irreducible 
homogeneous complex equifocal submanifold of codimension greater than one admitting 
a totally geodesic focal submanifold (or a totally geodesic parallel submanifold) occurs as 
a principal orbit of a Hermann type action. On the other hand, we [Koi7] showed the 
following homogeneity theorem: 

All irreducible proper complex equifocal C w -submanifolds of codimension greater 
than one are homogeneous. 

Here means the real analyticity. 

Assumption. In the sequel, we assume that all submanifolds are of class C w . 

In this paper, we first prove the following fact in terms of these facts. 

Theorem A. If M is an irreducible curvature-adapted proper complex equifocal subman- 
ifold of codimension greater than one in a symmetric space G/K of non-compact type, 
then M is a principal orbit of a Hermann type action on G/K. 

Remark 1.1. In this theorem, we cannot replace "proper complex equifocal" by "complex 
equifocal". In fact, principal orbits of the iV-action on an irreducible symmetric space 
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G/K of non-compact type and of rank greater than one are irreducible curvature-adapted 
complex equifocal submanifolds of codimension greater than one but they do not prin- 
cipal orbits of a Hermann type action, where TV" is the nilpotent part of the Iwasawa's 
decomposition G = KAN. 

Let an abelian subspace b of p := T e K(G/K), a be a maximal abelian subspace of p 
containing b and A be the root system with respect to o. Set A^ bs := {abs o a| b | a G 
A} \ {0}, where a\b is the restriction of a to b and abs is the function over R defined by 
abs(t) := \t\ (t G R). This set A^ bs is independent of the choice of a. Next we prove the 
following fact. 

Theorem B. Let M be a proper complex equifocal submanifold in a symmetric space G/K 
of non-compact type. If arbitrary two elements of A ab _ s i ± are linearly independent, 

9* \ gK ) 

then M is curvature-adapted, where gK is an arbitrary point of M. 

In particular, we have the following fact. 

Corollary C. Let M be a proper complex equifocal submanifold in a symmetric space 
G/K of non-compact type. If codimM = rank(G/K) and the root system of G/K is 
reduced, then M is curvature-adapted. 

From Theorems A and B, we have the following fact. 

Corollary D. Let M be an irreducible proper complex equifocal submanifold of codi- 
mension greater than one in a symmetric space G/K of non-compact type. If arbitrary 
two elements of A ab _ s 1( - T x M ) are linearly independent, then M is a principal orbit of a 

Hermann type action on G/K. 

2 Basic notions and facts 

In this section, we recall basic notions introduced in [Koil~3,6]. We first recall the notion 
of a complex equifocal submanifold. Let M be an immersed submanifold with abelian 
normal bundle in a symmetric space N = G/K of non-compact type. Denote by A the 
shape tensor of M. Let v G T^rM and X G T X M (x = gK). Denote by j v the geodesic 
in N with 7^(0) = v. The strongly M-Jacobi field Y along 7„ with 1^(0) = X (hence 
y'(0) = -A V X) is given by 

Y ( s ) = ( P 7,| [M ( D ?v ~ sDf v o A V ))(X), 

where Y'(0) = V V Y, P Jv \, s] is the parallel translation along 7u|[o, s ] an d D c s ° (resp. D 
is given by 

D Tv =9*° cosi^ladisg^v)) o g' 1 

sin( v / -Tad(s5r~ 1 t;)) _ 1 
resp. Df v = g*o K * ^ v y * » o 1 



SI \ 

sv) 
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Here ad is the adjoint representation of the Lie algebra g of G. All focal radii of M along 
7„ are obtained as real numbers so with Ker(D™ 1) — soDg l QV o A v ) 7^ {0}. So, we call a 
complex number z with Ker(Z)^ — zqD s z % 0V o A%) / {0} a complex focal radius of M along 
7„ and call dimKer(Z)™ 1 , — zqD s z 1 oV o yl£) the multiplicity of the complex focal radius zo> 
where A£ is the complexification of A v and (resp. Df QV ) is a C-linear transformation 
of (T X N) C defined by 



where g£ (resp. ad c ) is the complexification of (resp. ad). Here we note that complex 
focal radii along 7^ indicate the positions of focal points of the extrinsic complexification 
M c (^ G c /K c ) of M along the complexified geodesic 7^, where G c /K c is the anti- 
Kaehler symmetric space associated with G/K and 1 is the natural immersion of G/K 
into G c /K c . See Section 4 of [Koi2] about the definitions of G c /K c , M c (^ G c /K c ) 
and 7^. Also, for a complex focal radius zq of M along j v , we call zqv (g (T^f M) c ) a 
complex focal normal vector of M at x. Furthermore, assume that M has globally flat 
normal bundle, that is, the normal holonomy group of M is trivial. Let v be a parallel 
unit normal vector field of M. Assume that the number (which may be and 00) of 
distinct complex focal radii along 7^ is independent of the choice of x G M. Furthermore 
assume that the number is not equal to 0. Let {ri jX | i = 1, 2, • ■ ■ } be the set of all complex 
focal radii along r ya x , where \ri tX \ < | or = Irj+i^ I & Rer iiX > Rer i+ i iX " or 

"Kx| = K+mI & Rer i,^ = Rer i+ i iS & Imn,! = -Imr i+ i )X < 0". Let (i = 1,2, •••) 
be complex valued functions on M defined by assigning r^ x to each x G ikf . We call these 
functions (z = 1,2, ■■■) complex focal radius functions for v. We call a complex 
focal normal vector field for v. If, for each parallel unit normal vector field v of M, the 
number of distinct complex focal radii along 7^ is independent of the choice of x G M, 
each complex focal radius function for v is constant on M and it has constant multiplicity, 
then we call M a complex equifocal submanifold. 

Next we shall recall the notion of a proper complex equifocal submanifold. For its 
purpose, we first recall the notion of a proper complex isoparametric submanifold in a 
pseudo-Hubert space. Let M be a pseudo-Riemannian Hilbert submanifold in a pseudo- 
Hilbert space (V, ( , )) immersed by /. See Section 2 of [Koil] about the definitions of 
a pseudo-Hilbert space and a pseudo-Riemannian Hilbert submanifold. Denote by A the 
shape tensor of M and by T^M the normal bundle of M. Note that, for v G T^M, A v is 
not necessarily diagonalizable with respect to an orthonormal base. We call M a Fredholm 
pseudo-Riemannian Hilbert submanifold (or simply Fredholm submanifold) if the following 
conditions hold: 

(F-i) M is of finite codimension, 

(F-ii) There exists an orthogonal time-space decomposition V = V- © V+ such that 
(V, ( , )y ± ) is a Hilbert space and that, for each v G T^M, A v is a compact operator with 
respect to /*( , )v± ■ 

Since A v is a compact operator with respect to /*( , )y ± , the operator id— A v is a Fredholm 
operator with respect to /*( , )y ± and hence the normal exponential map exp- 1 : T^M — > 
V of M is a Fredholm map with respect to the metric of T^M naturally defined from 
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/*( , )y ± and ( , )v±, where id is the identity transformation of TM. The spectrum of the 
complexification A% of A v is described as {0} U {Aj | i = 1, 2, • • • }, where " |Aj| > |Aj+i|" 
or "|Aj| = |Aj + i| &ReAj > ReAj + i" or "|Aj| = |Aj + i| & ReAj = ReAj + i & ImAj = 
— ImAj+i > 0". We call Aj the i-th complex principal curvature of direction v. Assume 
that M has globally flat normal bundle. Fix a parallel normal vector field v on M. 
Assume that the number (which may be oo) of distinct complex principal curvatures of v x 
is independent of the choice of x G M. Then we can define functions \ {i = 1, 2, ■ • • ) on 
M by assigning the i-th complex principal curvature of direction v x to each x G M. We 
call this function \ the i-th complex principal curvature function of direction v. If M is a 
Fredholm submanifold with globally flat normal bundle satisfying the following condition 
(CI), then we call M a complex isoparametric submanifold: 

(CI) for each parallel normal vector field v, the number of distinct complex principal 
curvatures of direction v x is independent of the choice of x G M and each complex principal 
curvature function of direction v is constant on M and has constant multiplicity. 

Furthermore, if, for each v G T^M, there exists a pseudo-orthonormal base of (T X M) C 

(x : the base point of v) consisting of the eigenvectors of the complexified shape operator 

A°, then we call M a proper complex isoparametric submanifold. Then, for each x G M, 

there exists a pseudo-orthonormal base of (T X M) C consisting of the common-eigenvectors 

of the complexified shape operators A^s (v G T^M) because A^s are commutative. Let 

{Ei | i G /} (I C N) be the family of subbundles of (TM) C such that, for each x G M, 

{Ei(x) \ i G /} is the set of all common-eigenspaces of A^s (v G T^M). Note that 

(T X M) C = © Ei(x) holds. There exist smooth sections A» (i G /) of ((T^M) )* such 
iei 

that A% = Aj(v)id on Ei{ir(y)) for each v G T^M, where -it is the bundle projection 
of {T^My. We call \ (i G /) complex principal curvatures of M and call subbundles 
Ei (i G /) of (T^-M) complex curvature distributions of M. Note that Xi(v) is one of 
the complex principal curvatures of direction v. Set U := A~ 1 (l) (c (T^M) C ) and Ri 
be the complex reflection of order two with respect to k, where i €. I. Denote by Wm 
the group generated by RiS (i G I) which is independent of the choice of x G M up to 
isomorphicness. We call 4's complex focal hyperplanes of (M,x). Let = G/K be a 
symmetric space of non-compact type and tt be the natural projection of G onto G/K. 
Let (g,cr) be the orthogonal symmetric Lie algebra of G/K, f = {X G g | cr(X) = X} 
and p = {X G | cr(X) = —X}, which is identified with the tangent space T e xN. Let 
( , ) be the Ad(G)-invariant non-degenerate symmetric bilinear form of q inducing the 
Riemannian metric of N. Note that ( , )\f X f (resp. ( , )|pxp) is negative (resp. positive) 
definite. Denote by the same symbol ( , ) the bi-invariant pseudo-Riemannian metric 
of G induced from ( , ) and the Riemannian metric of N. Set g + := p, g_ := f and 
( , ) 0± := — 7r*_( , ) + tt* + ( , ), where 7r g _ (resp. 7r g+ ) is the projection of g onto g_ (resp. 
0+). Let H°([0, l],g) be the space of all L 2 -integrable paths u : [0, 1] — >■ g (with respect 
to ( , ) g± ). Let H°([0, l],g~) (resp. H°([0, l],g + )) be the space of all L 2 -integrable paths 
u : [0, 1] ->■ Q- (resp. u : [0, 1] ->■ g+) with respect to -( , )| g _ Xfl _ (resp. ( , )| fl+Xfl+ ). It is 
clear that H°([0, l],g) = H°([0, 1], g_)©i7°([0, l],g+). Define a non-degenerate symmetric 
bilinear form ( , )q of H°([0, 1], g) by (u, v)q := Jq (u(t),v(t))dt. It is easy to show that the 
decomposition H°([0, l],g) = H°([0, l],g_)©i?°([0, l],g+) is an orthogonal time-space de- 
composition with respect to ( , )q. For simplicity, set H± := H ([0, 1], g±) and ( , )o,//o := 
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~ 7r *H° ( ' )o + ( , }oj where ir H o (resp. ttjjo) is the projection of H°([0, 1], g) onto 
#° (resp. It is clear that {u,v) OH o = ^ {u(t),v(t)) g± dt (u, v G #°([0, 1], g)). 

Hence (H°([0, l],g), (, ) ^0 ) is a Hilbert space, that is, (ii~°([0, 1], g), (, )o) is a pseudo- 

Hilbert space. Let ii^QO, 1],G) be the Hilbert Lie group of all absolutely continuous 
paths g : [0, 1] — > G such that the weak derivative g' of g is squared integrable (with 
respect to ( , ) 0± ), that is, g* x g' G H°([0,1],q). Define a map <p : H°([0, 1], g) — >■ G 
by = g u (l) (ii G H°([0, l],g)), where g u is the element of i7 1 ([0, 1], G) satisfying 

5m (0) = e and g^Qu = u - We call this map the parallel transport map (from to 1). This 
submersion is a pseudo-Riemannian submersion of (H°([0, 1], g), ( , )o) onto (G, ( , )). 
Let 7r : G — > G/K be the natural projection. It follows from Theorem A of [Koil] (resp. 
Theorem 1 of [Koi2]) that, in the case where M is curvature adapted (resp. of class G w ), 
M is complex equifocal if and only if each component of (it o cf))~ 1 (M) is complex isopara- 
metric. In particular, if components of (tt o (f))~ 1 (M) are proper complex isoparametric, 
then we call M a proper complex equifocal submanifold. 

Next we recall the notion of an isoparametric submanifold in a gneral Riemannian 
manifold, which was introduced in [HLO]. Let M be a submanifold in a Riemannian 
manifold N. The submanifold M is called an isoparametric submanifold if it has (globally) 
flat normal bundle, if it has section and if the sufficiently close parallel submanifolds of M 
are of constant mean curvature with respect to the radial direction. In the case where N is 
a symmetric space of non-compact type, all isoparametric submanifolds with flat section 
in TV are complex equifocal and, conversely all curvature-adapted and complex equifocal 
submanifolds in N are an isoparametric submanifolds with flat section. 

Next we recall the notion of a non-Euclidean type focal point on the ideal boundary 
iV(oo) for submanifold M in a Hadamard manifold N, which was introduced in [Koi6]. 
Denote by V the Levi-Civita connection of iV and A the shape tensor of M. Let j v : 
[0,oo) — > N be the normal geodesic of M of direction v G T^rM. If there exists a M- 
Jacobi field Y along j v satisfying lim ^j^- = 0, then we call 7^(00) (G iV(oo)) a focal 

t— >oo 

point on the ideal boundary iV(oo) of M along j v , where 7^(00) is the asymptotic class 
of 7„. We call Span{Yo | Y : a M— Jacobi field along j v s.t. lim^oo = 0} the nullity 
space of the focal point 7„(oo). Also, if there exists a M- Jacobi field Y along j v satisfying 
I \ Y 1 1 

lim ^-£11 = and Sec(v,F(0)) < 0, then we call 7^(00) a non-Euclidean type focal point 

t^oo t 

on N(oo) of M along j v , where Sec(i;, Y(0)) is the sectional curvature for the 2-plane 
spanned by v and Y(0). 

3 Proofs of Theorems A and B 

In this section, we shall prove Theorems A and B. First we prepare a lemma to prove 
Theorem A. Let M be a proper complex equifocal submanifold in a symmetric space G/K 
of non-compact type. We may assume that eK G M (e : the identity element of G) 
by operating an element of G to MJf necessary and hence the constant path 6 at the 
zero element of g is contained in M := (it o (j))~ l (M). Denote by Mq the component 
of M containing 0. Fix a unit normal vector v of M at eK. Set p := T e x(G / K) and 
b := T^~ K M. Let p = a + ]P p a be the root space decomposition with respect to a 

aeA + 
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maximal abelian subspace a in p containing b. Let := {a|(, a 6 A s.t. a\b 7^ 0} 
and p = 3p(b) + 5^/3e(A b )+ P/ 3 ^ e ^ ne ro °^ s P ace decomposition with respect to b, where 
3p(b) is the centralizer of b in p. For convenience, we denote 3p(b) by po- Then we have 
P(> = EaeA + s.t. a\ b =±pP<* (P G ( A b)+) and po = a + E aeA+ s.t. a | b =oP<*- Denote by A 
(resp. A) the shape tensor of M (resp. Mo). Also, denote by R the curvature tensor of 

G/K. Let niA ■= max tJSpec.A„ and tor := max t|Spec-R(-, v)v, where we note that 
veb\{0} t>eb\{0} 

tur = jJ(Ab) + . Let U := {v G b \ {0} | (JSpecAu = to^, ftSpec i>)-u = tor}, which is an 

open dense subset of b \ {0}. Fix v & U. Note that SpecR(-,v)v = {—/3(f) 2 | j3 G (A(,) + }. 

Since v e U, (3(v) 2, s ((3 G (A b ) + ) are mutually distinct. Let SpecA„ = {A^,--- , A^ A } 

(A? >--->A^J. Set 

P := {i|p nKer(A-A^id)/{0}}, 

iy.= {i| P/ 3nKer(A-A^id)/{0}}, 

($)+ :={i| Pj8 nKer(A,-Ayid)^{0}, |A?| > |/3(t,)|}, 

(/§)" :={» I P/J nKer(4,-AVid)^{0}, |A?| < 

(7£)° := I P/3 n Ker(A - A^id) + {0}, |A?| = 

Let F be the sum of all complex focal hyperplanes of (Mo, 6). Denote by pr R the natural 
projection of b c onto b and set Fr, := pr R (F). Then we have the following facts. 

Lemma 3.1. Assume that M is curvature-adapted and that G/K is not a hyperbolic 
space. Then the set (/g)° is empty and the spectrum of A v \j2 0e(A } p^ is equal to 

{i -^|^(A l)+ ,t. 
U{/5Mtanh/3(Z)|/3e(A t ) + s.t. (/J)" ^ 0} 

for some Z G b. 



Proof. From v E U, we have /3(f) 7^ for any /3 G (A(,)+. Hence, since M is curvature- 



adapted and proper complex equifocal, it follows from Theorem 1 of [Koi2] that (.Hp 



Set c ti,v : = G ( A b) + )) ^d c^ )W := (i G (T^)" (/3 G (A 6 )+)). 

According to the proof of Theorems B and C in [Koi6] , we have 



(3.1) 



and 



F=[ U U (/3 c )- 1 (arctanh4 iu +j 7 rv/^T) 



vi 9e(A s ) + (ij)e(J|)+xz v ' ~ 
U ( U U (/3 c ) _1 (arctanhc^, „ + (7 + -)7T\/-[) 



F n =[ U U /3~ 1 (arctanhc+ ) 



U 



I U U /3 _1 (arctanhc". ,) | . 



Also, since G/K is not a hyperbolic space, the intersection of all the hyperplanes con- 
structing Fr is non-empty. Here we note that, in the case where M is a totally umbilic 
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hyperbolic hypersurface in a hyperbolic space, Fr is empty Take an element Z of the 
intersection. Then we have 



X} = { tanh f3(Z) 

/3(t,)tanh/3(Z) (i € (i^)"). 



Hence we have 



SP- (^1 Wb)+ p,) = {^^y I fi * (A,) + e.t. * 0} 

U{/3(i>) tanh | /3 G (A b )+ s.t. (/£)" / 0}. 

q.e.d. 

By using this lemma, we prove Theorem A. 

Proof of Theorem A. Let M be as in the statement of Theorem A. In the case where G/K 
is a hyperbolic space, M is an isoparametric hypersurface (other than a horosphere) in 
the space and hence it occurs as a principal orbit of a Hermann type action. So we suffice 
to show the statement in the case where G/K is not a hyperbolic space. Let Z be as in 
the proof of Lemma 3.1 and Z be the parallel normal vector field of M with Z e x = Z. 
Denote by r} t g (0 < t < 1) the end-point map for tZ (i.e., rj t ^(x) = exp- L (tZ a; ) (x G M)), 
where exp- 1 is the normal exponential map of M. Set M t := rj.^(M), which is a parallel 
submanifold or a focal submanifold of M. In particular, Mi is a focal submanifold of M. 
Let u be the parallel tangent vector field on the flat section S e x with v b k = v(€ U). Note 
that ( e K) is a normal vector of M t . Denote by A 1 the shape tensors of M t (0 < t < 1). 
It is clear that there exists a positive number e such that M t 's (1 — e < t < 1) are parallel 
submanifolds of M. According to the proof of Theorems B and C of [Koi6], there exists 
a complex linear function fa on b c with fa(v) = A^ and <f>^ l (l) C F for each i G Iq with 
A^ 0. Fixio G ^o- According to (3.1), coincides with one of (/3 c ) _1 (arctanhct~ ^ ^+ 

j7rV=I)'s (/? G (A b )+, G (!£)+ x Z) and (^^-^arctanhc^. v + (j + ^tt^'s (/3 G 
(A„)+, G (J^)- x Z). Since (/3 c )- 1 (arctanhc+ . >t) + jvrV 3 !) = /T^arctanhcJ . J + 
(^l^r^W 3 !) and (^J-^arctanhc^^ + ( j + ^ttV 3 !) = /T^arrtanhc^J + 
(^ C |^Tb) _1 ((j + ^v 7 ^), we have ^(l) = /^(arctanhc+^J + l^)" 1 ^) for 
some fti G (A&) + and ii G (^) + - Hence we have Z G /^(arctanhc^ ^ w ) C 0~ 1 (1), 
which implies that 

(3.2) ^(p o nKer(A,-AVid)) = {0}. 

Easily we can show ^(po H Ker A„) C ( e ^)(Mi) and 

( 3 - 3 ) ^^ {eK) l(^)»(p nKcrA„) =0. 

By delicate discussion in terms of Lemma 3.1, we can show 

Spec A Kz^ ' e ^ s + {ri ^* (p/3) 

(3 - 4) ^ tanhaf-W)) '^^^ 

U{P(v) tanh((l - t)0(Z)) \ (3 G (A b )+ s.t. {I})- ± 0} 
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for each t € (1 — e, 1). Denote by Gi m (G/K) the Grassmann bundle of G/K consisting of 
m-dimensional subspaces of the tangent spaces, where m := dim Mi. Define D t (1 — e < 
t < 1) by 

A := (^)*(p nKer^) 

+ E (p/3 n Ker (4, _ (eJ0 - W tanh ((! " 0/5(^))id) ) . 

From (3.2), (3.3) and (3.4), we can show D t € Gi m (G/K), lim A = T r(rf) Mi (in 
Gr m (G/K)) and 

Spec = {0} U { t hm o /3(t;)tanh((l - t)P(Z)) \ (3 G (A b )+ s.t. (i^)" / 0} = {0}. 



Thus we have A~ = 0. Since the relation holds for any v 6 U and [/ is open and 

v rj~(eK) 

dense in b(= T^ K M), A\ =0 holds for any v G T^ K M. Set L := 77- 1 (77^ (elf))- Take 

any x G L. Similarly we can show A~ =0 for any u G T^M, where v is the parallel 

tangent vector field on the section T, x of M through x with v x = v. It is easy to show that 
r}g(x) = rj^(eK) and ^ {"^(rr) I ^ £ ^i"^} = T^_i eK \M\. Hence we see that A 1 vanishes 

at 7]r?(eK). Similarly we can show that A 1 vanishes at any y for any y 6 Mi other than 
rj^(eK). Therefore Mi is totally geodesic in G/K. By the way, since M is irreducible, 
proper complex equifocal and codimM > 2, it follows from the homogeneity theorem 
of [Koi7] that M is homogeneous. Hence it follows from Theorem A of [Koi 5] that M 
occurs as a principal orbit of a complex hyperpolar action on G/K. Furthermore, since 
this action admits a totally geodesic singular orbit Mi and it is of cohomogeneity greater 
than one, it follows from Theorem C and Remark 1.1 of [Koi5] that it is orbit equivalent 
to a Hermann type action. Therefore we see that M is a principal orbit of a Hermann 
type action. q.e.d. 

Mi M t M 

T v ~(eK)Mi 

/ D t D 



rjz(eK) = riz(x) 




Figure 
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Next we shall prove Theorem B. For its purpose, we prepare the following lemma. 



Lemma 3.2. Let ipi and ■02 be a skew-symmetric C-linear transformation and a sym- 
metric C-linear transformation of a (finite dimensional) anti-Kaehlerian space (V, ( , )), 
respectively. Take X G V \ {0}. Assume that 

cosh((a + bk)rh.) - sinh ((« + ^) ^ {X) = 

for all k £ Z, where a G C and 6 G C \ {0}. Let 5 be the minimal subset of the spectrum 
of ip\ satisfying {X, ^(X)} C © Ker(V>i — //id). Then we have b^JJL G 7T\/— TZ for any 

/ie5. 

Proof. Let X = Z^eS X ^ and V>2p0 = E^^Wc where ^POp G Ker^f _ 
/x id) . Thus it follows from the assumption that 

cosh((a + bk)^Jl)X, - Sinh((a + bfc) ^V 2 (X)^ =0 fcz G S, k G Z). 

From the minimality of S, either X^ or ip2{X)^ is not equal to the zero vector. Hence we 
have by/Jl G 7Ta/^TZ. q.e.d. 



By using this lemma, we prove Theorem B. 

Proof of Theorem B. Let M and G/K be as in the statement of Theorem B. Let {Aj \ i E 1} 
be the set of all complex principal curvatures of Mq at 6 and set 4 := A^ 1 (l) (i G I). Since 
the group generated by the complex reflections Ri's (i G I) of order 2 with respect to 4 

r 

is discrete, £ := {k \ i G 1} is equal to the sum U Cj of subfamilies £j := {lj | A; G Z} 

(j = 1, • • • , r) of parallel complex hyperplanes equidistant to one another. For each 
j G {1, • • • , r}, we have A~ 1 (l) = A^ : (l + kbj) for some bj G C. For simplicity, we 

denote A^ by Xj (j = 1, • • • , r). Let a be a maximal abelian subspace of p := T e K{G/K) 
containing b := T^M, A be the root system with respect to o and p = o + Yl Pa be 

aeA + 

the root space decomposition with respect to a. For simplicity we set a := a\i, (a G A). 
Set U := {v G b\(3(v) 2 's (/3 G A^ bs ) are linearly independent over Q}, which is dense 
in b because arbitrary two elements of A^ bs are linearly independent (over R) by the 
assumption. Fix v G U. The set FR V of all complex focal radii of M along j v is given by 

FR V = {z G C | Ker(D c z ° v - D* o A£J / {0}}. 

For simplicity, set := T) c ° v — Df v o A^. The constant path t) at v is the horizontal 

lift of v to 0. On the other hand, the set FRf, of all complex focal radii of Mq along 73 is 
given by 

Fi?, = {l + ^|i = l,... ,r, fcGZ}. 
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Since FR V = FRo, we have KerQ^i^-) ^ {0} (j = 1, ■ ■ ■ , r, k G Z). Set := 
KerQ v ( — — ] and := Ker ( A~ J ^ ^ id ) . It is easy to show that (ir o 

V Aj(«) y \ _ i + y 

<f>)i(Ejk) = Ejk- Also, we can show that Ej^s (k G Z) coincide with one another. Hence, 
for each j G {1, ■ • • , r}, we have 

,l + kb Ul ( ,,1 + kbi „ „ sinh (Sxad(i»)) 



(fc G Z). Fix 0) G Sj-o. Set p^ := © p a (/3 G Af s ). Let S be the 

o£A+ s.t. absoa=/3 

minimal subset of A^ bs satisfying {X, A^X} C © p^. Then, according to Lemma 3.2, 

we have G vrv^TZ for any (3 £ S. Suppose )J5 > 2, where (t(*) is the cardinal 

Aj(u) 

number of *. Then /3(v) 2 's (/3 G S) are linearly dependent over Q. On the other hand, 
it follows from v G U that they are linearly independent over Q. Thus a contradiction 
arises. Therefore we obtain (J5 = 1. That is, we have X G p^ Q and A^X G p^ Q for some 

00 G A? bs . Hence we have A'r.X = - — , ,/°^, T -, „ X. This together with the arbitrariness 

of X(G Ejo) implies R c (-,v)v(E j0 ) C £ j0 and [A£, R c (-, v)v\\g = 0. On the other 

hand, we have E j0 = (T eK M) c . Therefore we have R c (-, v)v{(T eK M) c ) C {T eK M) c 

and [A°,R c (-,v)v] = 0. Hence we have R(-,v)v(T eK M) C T eK M and [A v ,R(-,v)v] = 0. 
Furthermore, since v is an arbitrary element of U and U is dense in b, R(-,v)v(T c kM) C 
T e xM and [Ay, t>)t>] = holds for any v G b. By the same discussion, we can show that 
the same fact holds for any point of M other than eK. Therefore M is curvature-adapted. 

q.e.d. 
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